We use a continuous age-structured model of McKendrick-von-Foerster 
I. INTRODUCTION
The term vertical transmission of a disease is used to mean the transmission of a disease from infected mothers to their unborn or newly born babies (Dunn et al., 1992; Contag et al., 1997) . It is also commonly referred to as mother-to-child transmission. Examples of diseases that can be vertically transmitted include some sexually transmitted diseases such as gonorrhea and syphilis, herpes, tuberculosis and recently, HIV/AIDS. Human immunodeficiency virus (HIV) infection in children is generally more serious than in adults due to faster disease complications and progression (Chu et al., 1991; Shearer et al., 1997 ). There are three major mechanisms of vertical transmission of HIV: infection via the placenta, known as in utero infection; infection during birth, known as intrapartum infection; and infection during breast feeding, known as post-partum infection (Newell, 1998; Zöllner et al., 1996 ; Van de Perre 1999).
The concentration of infective HIV (high viral load) in the blood and genital secretions of HIV-infected pregnant women appears to be the factor best associated with the risk of vertical transmission (Iversen et al., 1998) . Vertical transmission of HIV appears to be highest during labour and delivery. Approximately 25 -38% of vertical transmission occur in utero (Dunn et al., 1995) , and at least 50% of HIV infected children have been infected either peri-or post-natally by infected mothersmilk (Rouzioux et al., 1995; Kalish et al., 1997) . The major risk for infection through breast feeding appears in the period of early after birth and it is known that between 1 and 2 thirds of breast-fed children of HIVinfected mothers get infected (Dunn et al., 1998 ; Van de Perre, 1999) . Vertical transmission of HIV/AIDS has been the principal cause of 80 -90% of HIV-infected children (Newell, 1998) . The treatment of pregnant women and their children with some antiretroviral recombinants has reduced transmission to some low levels in most developed countries, although in Africa, Asia and Latin America, this reduction of mother-to-child HIV transmission has not been significant as yet due to less access to and no systematic use of the drugs (Connor et al., 1994; Bongertz, 2001 ). The problems mentioned above, with no break-through in the search for possible vaccine continue to put the population at risk of HIV/AIDS. The important point as of now is to identify the most vulnerable age group to concentrate on in combating the spread. Age-structured population models for the dynamics of HIV/AIDS are of importance in understanding the actual impact the spread has on a particular age group of interest. Such models do give a clear clue as to which age group should be concentrated on in terms of treatment, education and the kind of strategies for containing the spread. Examples of such age-structured models include Anderson et al., (1991) in which they model the role of sexual contact and proportionate mixing in a population with HIV/AIDS, Busenberg & Castillo-Chávez (1991), Blynthe & Anderson (1988) in which they study the effect of sexual activity levels. In their analyses, continuous age structured models were used. These models tend to have analytical complications due to the nature of the formulations involved, and as such, obtaining important population estimations becomes difficult. Luboobi (1994) and Mugisha & Luboobi (2000a) worked with models for the study of the dynamics of HIV/AIDS in a three-age groups population. In the models a population divided into three age-groups was studied. Mugisha & Luboobi (2000b) models, the dynamics of HIV/AIDS with a possible vaccination strategy was studied in a two-age groups population. These models have something in common: delay in maturity by the sexually immature children. This makes the formulation of the models have delay differential equations. In these cases, delay differential equations tend to be difficult to analyse. In this paper therefore, we start from the continuous age distribution models and develop ideas into a two-age groups model that has ordinary differential equations. These equations seem easier to interprete term by term and to analyse. As in Louie et al. (1994) , we are interested in how HIV/AIDS regulates the size of the population and distribution of ages. We consider a continuous age distribution model for HIV/AIDS of McKendrick-von-Foerster type similar to those in Greenhalgh (1987) and Louie et al. (1994) where the HIV/AIDS epidemic dynamics is given described in terms of the following variables and parameters: : the fraction of babies born HIV-free by infected mothers.
Using the derivations as in Greenhalgh (1987) , we get the following model:
We shall assume that the AIDS cases have full-blown symptoms and are easily noticeable and not sexually interacted with, such that the sexually active and interacting number of the adults, N (a, t) = S(a, t) + I(a, t). The initial conditions are given by
with boundary conditions given by the renewal equations
where I(0, t) is the total number of babies born infected by their infected mothers and S(0, t) is the total number of babies born uninfected, and as described earlier, is the fraction of the babies born HIV-free by infected mothers.
Assume proportionate mixing within the population (Castillo-Chávez et al., 1989; Busenberg and CastilloChávez, 1991) in which individuals are mixing at random such that the force of infection is
where ρ(a,ā) is the interaction coefficient, also commonly referred to as an intercohort infection mass action (Cane and McNamee, 1982; Greenhalgh, 1988; Inaba 1990) , is interpreted as the probability that a susceptible individual age a interacts with an infected individual agedā and becomes infected. The total numbers of susceptibles and infectives at time t are given, respectively, by
S(a, t)da and I(t) =
As in Hethcote (1997) and Mugisha (2002) , we use this model to formulate an HIV/AIDS model with two age groups where Group I is made up of sexually immature children and Group II is made up of sexually mature and active adults. We model the dynamics of the spread in heterosexual transmission mode. The resulting system is made up of ordinary differential equations.
II. DERIVATION OF THE TWO-AGE GROUPS HIV/AIDS MODEL
Let the population be divided into 2 age groups by the age intervals [a j−1 , a j ) for j = 1, 2, where 0 = a 0 < a 1 < a 2 = ∞ (the maximum age). The respective number of susceptibles and infectives and AIDS cases in the jth age group (or interval) [a j−1 , a j ) is given by
Assume that at the start of epidemic, the population is at steady age distribution with exponential growth in all the classes so that N (a, t) = e qt W (a), and the number of individuals in the age interval [a j−1 , a j ) is
where
is the size of the jth age group at steady state at time t = 0, and W (a) is the total population at age a and q is the intrinsic rate of growth of population at steady age distribution. The function
Let the agespecific infection rate be class-dependent and written as α(a, t) = α j , and assume a constant birth rate λ(a) = λ j such that our renewal equations become
with
For each j = 1, 2, we allow transfer between the two age groups to be through constants c i called transfer rate constants so that the way an individual, in each epidemiological class, crosses into another age group is described by
According to Hethcote (1997) and Mugisha (2002) , the transfer rate constants c j are given by the reciprocal of the average length of the jth interval,
Consider the fractions of the jth group in the epidemiological classes as
I(a, t)da
where in each age group j, s j + i j = 1 for j = 1, 2 and
Equations (13) and (14) imply
For the force of infection defined in equation (7), let the contact rate ρ(a,ā) = ρ jk , for a ∈ [a j−1 , a j ) and a ∈ [a k−1 , a k ), represent a constant interaction between susceptibles in the jth age group and infectives in the kth age group. If we assume a class-dependent force of infection α j in the age interval [a j−1 , a j ), then from equations (7), (9) and (14) we have
P j is a constant).
From this, we have for j = 1, the force of infection in Group I given by
and for j = 2, the force of infection in Group II given by
Since there is no sexual interaction among individuals in Group I and between individuals in Group I and Group II, we have all the terms in ρ 11 , ρ 12 and ρ 21 zero. Thus, we have α 1 (t) zero and α 2 (t) = ρ 22 P 2 i 2 (t). Integrating equation (1) 
and using the first expression of equation (8) in (16) we obtain
For j = 1, equation (17) gives
Using (10) together with equations (12) and (13) in equation (18) and noting that the individuals in Group I are not sexually mature, and as such, all the terms α 1 and λ 1 are zero (since these individuals do not sexually interact, and therefore, do not reproduce), we obtain
For j = 2, equation (17) is
Using (12) and (13) in (20) we get
Integrating equation (2) w.r.t a and using equations (11), (12), (14) and (15) gives respective equations for i 1 (t) and i 2 (t) as
Then, equations (19) , (21), (22) and (23) give the two-age groups HIV/AIDS epidemic model as
III. ANALYSIS OF THE MODEL
A. Assuming a constant HIV prevalence
Consider the case where the HIV prevalence, in the sexually active adult group, is a constant. Then the infection rate α 2 can be taken as a constant. Here, we will assume that there is no sexual interaction with the AIDS group, and as such, in each epidemiological class we will have s j + i j = 1 for j = 1, 2. Thus, the system can be reduced to a 2−dimensional system with s 1 = 1 − i 1 and
Solving equations (24) and (25) gives solutions for i 1 (t) and i 2 (t) as
and solutions for s 1 (t) and s 2 (t) as
where b 1 and b 2 are integration constants and
Limiting functions for the populations in each epidemiological class
The expressions for the proportions of populations in each epidemiological class give the limiting functions of the populations as
Since we defined as the fraction of the virus-free babies born by infected mothers, then it is correct from the limiting function of i 1 (t) that when = 1, meaning that all the infected mothers give birth to HIV-free babies, there will be no infection in the sexually immature group. This leaves the sexually immature children group totally a susceptible class. However, when = 0, (all babies born by infected mothers are infected), we have the population in the children group limiting to
In this case, since we would like to have a disease-free children group, the only possible way to achieve this is to have the infection rate α 2 = 0. Similarly, with = 1, the sexually adult population limits to
It is important to note here that even if all the infected mothers gave birth to HIV-free babies, the adult population will still remain with infective fraction. This is because it is the sexually active group and the source of infection. We interprete the term 1/(α 2 +q+c 2 +µ 2 +ν 2 ) as the average length of time an infected adult in Group II can stay in this group. The term α 2 /(α 2 +q+c 2 +µ 2 +ν 2 ), which is the product of the force of infection and the average length of time an infected individual can stay in Group II, is interpreted as the fraction of the adult infectives who survive the adult group with the infection before they show full-blown AIDS symptoms. Therefore in order to have an HIV/AIDS-free adult group we must either bring to zero, the force of infection, α 2 or make smaller the length of time an infected individual stays in the sexually active adult group. If all the babies born by infected mothers are infected, (that is, = 0), then the limits of the infectives in each epidemiological class as t → ∞, are:
The term q + c 1 + µ 1 + ν 1 is the combined rate of an infected individual in Group I surviving to the sexually active adult group. Once this is made as small as possible, (for example by making µ 1 = 0) then there are chances reducing the infectives in the adult group, provided the infection rate is also reduced to zero.
Possible equilibrium points
Let P (i * 1 , i * 2 ) be the equilibrium point of the 2−dimensional system. Then at this equilibrium, equations (24) and (25) give
Solving the two equations gives the endemic equilibrium points as the only equilibria for the system, and are given
In order to have a disease-free equilibrium population in Group I we must ensure that all the infected mothers give birth to HIV-free babies. Of course, another alternative way to have a disease-free equilibrium in both groups is to reduce the infection rate to zero (for example, practicing safer sex, abstinence, sticking to one sexual partner (zero grazing)).
Theorem 1 The endemic equilibrium is locally stable if
Proof: The Jacobian matrix of the system,
has trace negative, and the determinant to be positive, for stable equilibrium, we must have the condition in the theorem satisfied. 
, and according to the importance of R 0 in analysis of stability as described in Castillo-Chávez et al. (2001) , if R 0 > 1 then the HIV/AIDS epidemic will persist in the population and if R 0 < 1 then the epidemic will die out.
In fact, when = 1, meaning that all the babies born by infected mothers are HIV-free, we have R 0 = 0 < 1. In this case we do expect the epidemic to die out.
B. Variable force of infection
Suppose the HIV prevalence in the sexually active adult group varies with time so that the force of infection α 2 = ρ 22 P 2 i 2 (t) governs the spread of the epidemic by a mass action between the infectives and susceptibles in the adult group (Dietz & Schenzle, 1985; Anderson et al., 1991; Brauer,1990; Gao & Hethcote, 1992; and Gao et al., 1995) . Then the equations become
where β = ρ 22 P 2 is the interaction coefficient in the adult population. Using s j + i j = 1 for j = 1, 2 we have a 2−dimensional system
To find the equilibrium points of the system, let P (i * 1 , i * 2 ) be the equilibrium point. Then at this point,
give i * 1 = 0 = i * 2 which gives the the disease-free equilibrium points or
,
which gives the endemic equilibrium points. Again, if all the babies are born HIV-free, we would have no endemic equilibrium in the sexually immature group. However, in the sexually active adult group, the endemic equilibrium point reduces to
From this equation we note that in order to have no endemicity in the adult group, we need to have (q+c 2 +µ 2 + ν 2 )/β = 1. This means that to have the disease wiped out in the adult population we must have the infection coefficient equal to the rate at which an adult infective can stay as an infective in the adult group before developing full-blown AIDS symptoms.
Theorem 2 The disease-free equilibrium is stable if
Proof: The Jacobian matrix of the system is
If the Jacobian matrix is evaluated at disease-free equilibrium, then the required criteria for stable equilibrium (of having the trace of the matrix negative, and the determinant positive) give the conditions in the corollary.
Corrolary 1 The endemic equilibrium is locally stable provided
.
Proof: Using the expression for i * 2 in the Jacobian matrix, we obtain the respective conditions for trace to be negative and the determinant to be positive as given in the corollary.
The basic reproductive number R 0 Again, using the next generation operator approach as in Diekmann et al. (1990) , Diekmann and Heesterbeek (2000) and Castillo-Chávez et al. (2001) we have
and
If all babies are born HIV-free (i.e = 1) then B = 0, and the basic reproductive number is
In this case, the epidemic will persist in the population if β/(q + c 2 + µ 2 + ν 2 ) > 1 and will die out if β/(q + c 2 + µ 2 + ν 2 ) < 1.
IV. DISCUSSION
In this paper, we have derived a deterministic model for the dynamics of HIV/AIDS in a two-age groups population. We have examined the model in which the HIVprevalence in constant (Subsection III A) and in the case when the force of infection varies with time to behave as a mass action (Subsection III B). Analytic expressions for the proportions of the populations in each epidemiological class have been derived in the case of constant prevalence ratio. The limiting functions for each epidemiological class obtained show that we can have a disease-free children group if all the babies born by infected mothers are HIV-free (i.e = 1). However, this does not guarantee safety in the adult group. It is only when the rate of infection is zero that we can be assured of a disease-free adult population. There are potential theoretical implications in our findings for the control of the disease. The results show that the only possible way to ensure a disease-free equilibrium is to bring the force of infection to zero. The results show that there is a high possibility of having the basic reproductive number, R 0 < 1. In fact when = 1, meaning that all the infected mothers do give birth to HIV-free babies we would have R 0 = 0. This indicates that we can have the epidemic die out if some effort is put on delivery of HIV-free babies. In order to have a big fraction of HIV-free babies, we must intensify measures to reduce risks associated with vertical transmission in the HIV-infected mother, such as premature births, low birth weight, early placental rupture, placental membrane inflammation, long labour, hemorrhage during labour and bloody amniotic fluid (WabwireManghen, et al. 1999; Rogers & Shaffer, 1999; Shapiro et al., 1999) . There are also indications that caesarian birth decreases the risk of mother-to-child transmission (Newell, 1994) .
